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Abstract The use of heaving and pitching fins for underwater propulsion of engineering devices poses an
attractive outlook given the efficiency and adaptability of natural fish. However, significant knowledge gaps
need to be bridged before biologically inspired propulsion is able to operate at competitive performances
in a practical setting. One of these relates to the design of structures that can leverage passive deformation
and active morphing in order to achieve optimal hydrodynamic performance. To provide insights into the
performance improvements associated with passive and active fin deformations, we provide here a systematic
numerical investigation in the thrust, power, and efficiency of 2D heaving and pitching fins with imposed
curvature variations. The results show that for a given chordline kinematics, the use of curvature can improve
thrust by 70% or efficiency by 35% over a rigid fin. Maximum thrust is achieved when the camber variations
are synchronized with the maximum heave velocity, increasing the overall magnitude of the force vector while
increasing efficiency as well. Maximum efficiency is achieved when camber is applied during the first half of
the stroke, tilting the force vector to create thrust earlier in the cycle than a comparable rigid fin. Overall, our
results demonstrate that curving fins are consistently able to significantly outperform rigid fins with the same
chord line kinematics on both thrust and hydrodynamic efficiency.

Keywords Flapping fin · Morphing fin · Fluid–structure interaction · Curvature variations

1 Introduction

A heaving and pitching fin operating in an incoming flow is an established model system to investigate
underwater propulsion as observed in natural fishes [1–3]. Such biologically-inspired propulsion mechanisms
offer potential for higher efficiency and agility compared to traditional propellers [4], which can improve ocean
exploration, monitoring, and underwater inspection [5,6]. An important aspect of hydrodynamic performance
of such systems relates to the interplay between the shape and motion of the fin. Heaving and pitching motions
arise in fish fins because of the driving body musculature and the resulting lateral and angular motions of the
fish body. On top of that, natural fins deform due to a combination of passive elastic effects associated with
the fin softness, and active control associated with the musculature [7–10]. In light of developments in smart,
programmable, shape-shifting soft structures on the one side [11,12] and optimization and learning algorithms
on the other [13–17], understanding the effect of such curvature variations is crucial to engineer underwater
propulsion systems with similar traits.
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The performance of flexible, deforming fins are commonly studied as coupled fluid–structure interaction
problems. Most studies have taken this route, with passively deforming fins studied mostly experimentally
[18–23] or numerically using potential flow [24–26] or full Navier-Stokes simulations [27–31]. Important
quantities that govern the behavior of elastically deforming flapping fins are the relative flexibility of the
structure compared to the hydrodynamic loads, the resonance frequency of the fin compared to the dominant
frequencies in the loading, and the ratio of foil inertia over the inertia of the flow [32–35]. When the parameters
are chosen well with respect to the flow regime, the above works demonstrate that passive flexibility can
significantly improve both thrust and efficiency over rigid fins. Further, a significant body of research has shown
that non-uniform stiffness distributions in elastically deforming fins can benefit hydrodynamic performance
over rigid and uniform-stiffness fins [36–44]. Recently, [45] demonstrated how active control over deformation
can lead to increased propulsive performance in heaving fins. Combining active control with passive flexibility,
mimicking natural systems [8], could thus lead to performance that can not be achieved with purely passive
fins, as well as increase robustness compared to the narrow optimal parameter regime associated a flexible fin
[35].

Studying deforming and morphing fins using a fluid–structure interaction approach provides a valuable
insights into the forces at play, as well as the power expenditure of the whole system. On the other hand,
tackling the coupled fluid–structure interaction problem makes it challenging to isolate the effects of dynamic
shape deformations on hydrodynamic performance from the fin’s structural properties. In particular, we note
that the different structural fin designs and actuation patterns could potentially reach the same dynamic shape
variations and thus the same hydrodynamic performance. To provide an alternative, our proposed approach
bypasses the fluid–structure interaction problem by looking directly at the effect of imposed, time-varying
midline curvature variations on the hydrodynamic performance of flapping foils, following up on our previous
work [46]. This approach was also taken in [47] where the authors investigated the optimal curvature phase
shift of a plunging foil with curvature variations applied in a ‘U’ shape, i.e. keeping the chord line of the foil
in-line with the flow. They found that optimal performance was achieved when curvature was applied in phase
with heave, leading to a 40% efficiency gain compared to the non-curving fin. Further, in [48] the effect of tip
curvature on flapping plate performance was investigated experimentally. Here curvature was not dynamically
varied throughout the flapping cycle except for snap-buckling plate cases, which were associated with a
potential increase in efficiency. Lastly, in our own work [46] we discussed the effect of leading edge curvature
variations on 3D flapping fins, both in chordwise and spanwise direction. The chordwise curvature variations
were fixed to be in-phase with heave, and only the effect of amplitude was investigated. Nevertheless, possible
performance improvements were found of 15% in thrust and 18% in efficiency for the respective optimal
curvature amplitudes.

Here we aim to investigate the effect of curvature variations on flapping fin propulsion by varying both
curvature amplitude and its phase-shift with respect to the heave motion. This study relies on numerical
simulations sweeping a large parameter space, and so we restrict ourselves to a 2D setting. Section2 will
further detail the fin kinematics, flow conditions, and numerical solver as used in this work. In that section
we discuss how we distinguish between foils whose curvature variations do not affect chord line kinematics
(mode I) and those that do (mode II), with the knowledge that our previous work [46] focused on mode II
only. In Sects. 3 and 4 we will discuss the effect of varying the curvature amplitude and phase for mode I and
mode II, respectively, and analyze the optimal configurations with respect to thrust and efficiency. Section5
will compare the results with a similar previous study in 3D [46], and in Sect. 6 we provide conclusions and
future perspectives.

2 Methodology

2.1 Fin kinematics

We investigate the effect of curvature variations against a reference rigid fin that moves with harmonic heaving
and pitching kinematics:

yref(t) = Ay sin(2π f t) (1)

θref(t) = Aθ sin(2π f t + ϕθ ), (2)
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Fig. 1 Definition of the heaving kinematics y(t), the pitching angle θ(t), and the curvature-induced chord line pitching θκ (t).
Note that the pitching angle θ(t) is defined as the angle between the horizontal (green) and the leading edge tangent vector (blue),
whereas θκ (t) is defined between the leading edge tangent vector and the instantaneous chord line (red). Both angles are positive
counter-clockwise. The instantaneous curvature of the fin in this sketch is negative

where f is the flapping frequency, Ay the heaving amplitude, Aθ the pitching amplitude, and ϕθ the phase
difference between the heaving and pitching motion. The leading edge of the fin is the center of rotation in all
cases. All length scales here are normalized by the chord length c of the fin.

The curvature variations of the fin centerline are described with a simple harmonic function

κ(t) = Aκ sin(2π f t + ϕκ), (3)

with Aκ ≥ 0 the curvature amplitude and ϕκ the phase shift between the heaving motion and the curvature.
The choice of a constant curvature across the entire chord implies the centerline deforms dynamically into
circular arcs of constant arclength c and radii of curvature varying between ±A−1

κ during the cycle.
In this work we define the pitching angle θ(t) as the angle of the leading edge tangent vector with respect

to the horizontal, as shown in Fig. 1. This ensures that the definition of θ(t) is independent of the actual
deformation of the fin. Through the curvature variations, however, the chord line of the fin undergoes angular
variations that are different from θ(t). For a spatially constant, non-dimensional curvature κ(t), this additional
angle can be expressed as

θκ(t) = 1

2
κ(t) = 1

2
Aκ sin(2π f t + ϕκ). (4)

For a given choice of pitching angle θ(t), the trailing edge position is defined as

yTE(t) = yLE(t) + sin(θκ(t))

θκ(t)
sin [θ(t) + θκ(t)] , (5)

where yLE(t) is the vertical position of the leading edge (Fig. 1).
For the deforming fins considered in this work we set yLE(t) = yref(t), and we investigate two choices

of the pitching angle variations θ(t), which we characterize as mode I and mode II. In mode I, we define the
pitching angle θ(t)≡ θI (t) such that the vertical position of the trailing edge of the curved fin at any time is
the same as that of the reference fin, independent of Aκ and ϕκ . This is achieved by setting

θI (t) = θref(t) − θκ(t) = θref(t) − 1

2
κ(t). (6)

Curvature variations in Mode I therefore only affect the camber of the centerline, while keeping the chord line
kinematics identical to those of the reference rigid fin (Fig. 2, left).

In mode II, we align the leading-edge tangent vector with that of the reference fin for any centerline
curvature, which is achieved by defining the mode-II pitching angle θ(t) ≡ θI I (t) as

θI I (t) = θref(t), (7)

and so the chord line kinematics of these fins will depend on the values of Aκ and ϕκ through Eq. (5) (Fig. 2,
right).

In this notation, our previous results [46] correspond to mode II curvature variations with ϕκ = 0. Here
we expand by including the mode I results, as well as varying the curvature phase shift ϕκ .
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Fig. 2 Overview of fin shapes during the upstroke in mode I (a) and mode II (b). For this sketch, we choose Aκ = 1 and four
values of ϕκ . The red and blue lines show the trajectory of the leading and trailing edge, respectively. Note that for mode I, the
trailing edge trajectory coincides with that of the reference rigid fin for all values of Aκ and ϕκ

2.2 Setup and flow conditions

We immerse the flapping fin in a viscous fluid with kinematic viscosity ν and uniform inflow velocityU∞. The
two non-dimensional parameters governing the flow dynamics of the flapping fin are the Reynolds number
Re = U∞c/ν and Strouhal number St = 2Ay f/U∞. In this work we set Re = 1500 and St = 0.3, based on
representative regimes investigated in previous studies and deduced from literature. Further, we fix Ay = 0.4,
Aθ = π/6, and ϕθ = −π/2, for which high propulsive efficiency values were obtained in previous studies
[23,49].

We simulate each fin for a duration 0 ≤ f t ≤ 2, which was shown to be sufficient for steady-state
performance in [46], and extract the time evolution of total force F(t) andpower P(t) to define the instantaneous
thrust, lift, and power coefficients:

CT (t) = − F(t) · x̂
ρU 2∞c

,

CL(t) = F(t) · ŷ
ρU 2∞c

,

CP(t) = P(t)

ρU 3∞c
,

with x̂ and ŷ the unit vectors in the streamwise and lateral directions. Further, we decompose the instantaneous
total force vector into its magnitude, and its relative thrust-component

CT (t) = CF (t) · CT (t)

CF (t)
,

with CF (t) = √
CT (t)2 + CL(t)2 the total instantaneous force coefficient. The ratio CT /CF is equivalent

to the cosine of the angle of the total force vector with respect to the horizontal. Lastly, mean quantities are
computed by integrating over the last half cycle 3/2 ≤ f t ≤ 2, and denoted with overlines. The efficiency η
is then defined as

η = CT

CP
.

In this work, we varied systematically the effect of Aκ ∈ [0, 1] in increments of 0.1, and the effect of
ϕκ ∈ [−π, π) in increments of π/4, for both mode I and mode II.
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Fig. 3 Mode I results for mean thrust coefficient (a), mean power coefficient (b), and efficiency (c). All coefficients are normalized
by the values of the reference rigid fin. The radial axis spans 0 ≤ Aκ ≤ 1 and the angular axis spans ϕκ ∈ [0, 2π), so that the
reference rigid fin sits at the origin. Black dots represent the individual simulation data points, from which the contours are
obtained using interpolation. Each contour plot is clipped to the range [−1, 1] to improve clarity

2.3 Numerical solver

The results are based on numerical simulations of the 2D incompressible Navier–Stokes equations in vorticity-
velocity form using a volume penalization technique [50–52]

∂ω

∂t
+ u · ∇ω = ν∇2ω + λ∇ × [χ(us − u)] .

Here ω is the vorticity field, u the vector velocity field, ν the dynamic viscosity, λ � 1 the penalization
parameter, χ the mask field representing the body geometry, and us the velocity field inside the body. Here
us = uT + θ̇ × (x − xR) + udef, with uT the translational velocity (heave motion), θ̇ the angular velocity
(pitching motion), xR the center of rotation (the leading edge), and udef the deformation velocity (the curvature
variations).

We use a remeshed vortex method as implemented in the wavelet-based block-structured multiresolution
adaptive grid solver MRAG-I2D, presented in [53]. The velocity is computed from the vorticity through a
multipole method with free-space boundary conditions. Timestepping relies on a second-order Runge–Kutta
scheme, with the timestep restricted using the Lagrangian CFL (LCFL) criterion 
t ≤ LCFL/‖ω‖∞, with
‖ω‖∞ the maximum instantaneous vorticity in the domain. To compute the forces on the fin we use the
projection scheme as described in [54]. Overall, the algorithm and solver reach between first and second order
accuracy in space and time and have been extensively validated and used for a range of flow simulations with
moving and deforming bodies [13–16,55,56].

For the simulations in this work, we set LCFL = 0.1, use penalization parameter λ = 104, and refinement
and coarsening thresholds of 10−3 and 10−5 respectively. The simulations are run within a unit-square block-
structured domain with smallest grid spacing hmin = 1/8192. Within this domain, we use a fin chord length
c = 0.05, flapping frequency f = 0.375, and free-stream velocity U∞ = 0.05. In the results below, however,
we only report non-dimensional quantities.

3 Effect of mode I curvature variations

In this and the next section, we present the combined effect of (Aκ , ϕκ) in polar contour plots (see Fig. 3
for mode I results). In these plots, concentric circles correspond to keeping Aκ fixed and varying ϕκ , and
radial spokes correspond to variations of Aκ at a fixed ϕκ . The rigid fin corresponds to the origin. Values in
between simulation points, as well as the optimum parameter combinations, are estimated through quadratic
interpolation.

ForMode I curvature variations, Fig. 3 shows the contour plots ofCT ,CP , and η, with all values normalized
to those of the rigid fin. Generally, the thrust (Fig. 3a) increases with increasing curvature when the phase shift
is close to φκ ∼ π/2, i.e. when the curvature is in-phase with the pitching kinematics. Increasing curvature
with opposite phase shift, φκ ∼ −π/2, eventually leads to drag generation, as CT reduces below zero. The
power coefficient trend (Fig. 3b) is roughly similar to that of the thrust coefficient, though qualitatively the
power contours are slightly rotated counter-clockwise compared to the thrust contours. The efficiency (Fig. 3c),
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Table 1 Optimal parameter values for mode I and mode II curvature variations

Case Aκ ϕκ/π CT CP η

Rigid 0 – 0.23 0.93 0.25
Mode I maxCT 0.85 0.56 0.39 1.35 0.29
Mode I max η 0.71 0.87 0.31 0.95 0.33
Mode II maxCT 0.63 0.23 0.41 2.16 0.19
Mode II max η 0.48 0.80 0.13 0.33 0.39
κ-pitch maxCT 0.63 0.23 0.36 1.84 0.20
κ-pitch max η 0.48 0.80 0.078 0.27 0.29

Fig. 4 Results as a function of the non-dimensional time f t during one downstroke for the rigid fin (black dashed), the max-CT
mode I fin (red), and the max-η mode I fin (green). a Shape of the fin, b curvature κ(t), c force magnitude coefficient CF (t), d
relative thrust component CT (t)/CF (t), e total thrust coefficient CT (t) and f the total power coefficient CP (t)

which is the ratio of thrust over power coefficients, is therefore maximized towards φκ ∼ π . From the contour
plots, we extract the parameters associated with maximum CT and maximum η, and report those together with
their performance metrics in Table 1. Fig. 4 shows the shape of the fin,curvature, and the evolution of CF (t),
CT (t)/CF (t), CT (t), and CP(t) during the downstroke 1.25 ≤ f t ≤ 1.75 for the reference rigid fin (blue),
the high CT fin and the high η fin. In discussing the results, for simplicity we focus on this downstroke.

3.1 Maximum thrust

The maximum thrust fin has about 70% higher mean thrust than the rigid fin. Its curvature variations are
characterized by ϕκ ≈ π/2 (Table 1), so that the maximum curvature is achieved at the zero heave point,
half-way through the stroke. At this point, the camber associated with this fin resembles that of a standard,
favorably cambered static airfoil. During the downstroke, the curving fin achieves a significantly larger force
vector compared to the reference rigid fin as evidenced by the plot of CF (Fig. 4c, red lines). This increased
force magnitude is the main driver of thrust enhancement, as the orientation of the force vector CT /CF is
practically identical to the rigid fin (Fig. 4d). In physical terms, this implies that the curving fin is simply able to
generate a larger overall force vector during its cycle, without drastically altering the underlying mechanism.
This is further reflected by the proportional increase in power coefficient over the rigid fin, so that the efficiency
almost remains unchanged.

The vorticity field (Fig. 5) shows that the centerline camber induces a strong separation during each stroke,
which is largely absent from the rigid fin. Notably, the separation leads to a leading edge vortex (LEV) that
is situated on the pressure side of the foil, so that purely in isolation its signature in the pressure distribution
would reduce the overall force generated [57] – we denote it a ‘pressure-side LEV’ (P-LEV). From the force
computations, however, we know that the curving fin generates significantly more thrust than the rigid fin,
indicating that the negative effects of the P-LEV are countered by a more favorable pressure distribution on
the suction side of the foil. During the downstroke the P-LEV is generated around f t = 1.35, just after the
heave reversal. The vortex then moves downstream while remaining attached to the fin during the stroke. It is
shed around f t = 1.75, almost perfectly coinciding with the end of the downstroke. The evolution of CF (t)
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shows a small plateau around this time in Fig. 4b, though this is not reflected in the thrust curve since CT /CF
is approximately zero around this time.

Remarkably, the mean power consumption of this mode I maximum thrust fin increases at a slower rate
than the mean thrust increasing, leading to a 16% increase in efficiency over the reference rigid fin.

3.2 Maximum efficiency

The maximally efficient fin has curvature parameters (Aκ , ϕκ) ≈ (0.7, 9π/10) (Table 1), so that the maximum
curvature in this fin is reached slightly later than the heave reversal. This case realizes a 32% higher efficiency
than the rigid fin, which is achieved through a similar mean power expenditure but about 35% higher thrust
generation. This is a striking result, where two fins with the same leading and trailing edge kinematics, and a
very similar power consumption, can have significant changes in thrust coefficient just by virtue of dynamic
camber variations.

Examining the time evolution of CT /CF and CT (Fig. 4d,e, green lines), we observe that the max-η fin
starts generating thrust earlier in the cycle compared to the rigid fin (black lines). This occurs because its
maximum curvature is achieved at f t = 1.315, so that thrust can be generated at the lower apparent angles of
attack in the first half of the downstroke. This early presence of camber also leads to a lower drag coefficient
on the fin during the immediate onset of the stroke, which increases the overall mean thrust coefficient. The
max-η fin also has much smaller ‘losses’ during the reversal of the motion at the start and end of the stroke, as
measured by the power required at these times. By curving, the fin is thus able to achieve the rotational motion
with much less additional power input compared to the rigid fin.

The vorticity field (Fig. 5) shows that the max-η fin generates a pressure-side leading edge vortex (P-LEV)
around f t = 1.25, just at the beginning of the downstroke. The P-LEV is formed from a region of leading
edge flow separation, induced by the combination of pitching acceleration and the foil’s camber. During the
downstroke, the vortex remains attached and travels backwards towards the leading edge. It sheds from the
trailing edge around f t = 1.6. The vortex shedding is observed in the plots ofCF as a small plateau followed by
a local peak in the total force. Qualitatively, the force bump can be related to the adverse signature of the P-LEV
on the pressure distribution; as the vortex is shed, the disadvantageous low-pressure region associated with
it moves away from the foil. This directly translates to a large instantaneous CT value, since the orientation
of the force vector CT /CF almost maximally benefits thrust generation at this time. The max-η foil stops
generates positive thrust at an almost identical time instance as the rigid fin. Together with the early onset of
thrust generation, this leads to a significantly larger mean thrust coefficient of the max-η foil.

4 Effect of mode II curvature variations

Before analyzing the Mode II curvature variations, we recall that the curvature parameters effectively alter
both the effective pitch angle of the chord line, as well as the fin camber. It is therefore instructive to compare
each mode II curving fin with a non-curving fin with identical chord line kinematics. Following [46] this
configuration is denoted the κ-pitch fin, and the results are obtained by simulating a rigid fin whose pitching
kinematics follow from adding the expression for θκ(t) in Eq. (4) to the pitch angle θref(t) in Eq. (2). The
pitching kinematics of these rigid κ-pitch fins are therefore functions of the parameters Aκ and ϕκ . With this

Fig. 5 Vorticity field at five instances during the downstroke for the rigid (a) and the mode-I max-CT (b) and max-η (c) fins
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Fig. 6 Mode II results for mean thrust coefficient (a), mean power coefficient (b), and efficiency (c) for the curving fin in mode I.
All results are normalized by the values of the reference rigid fin. The radial axis spans 0 ≤ Aκ ≤ 1, whereas the angular axis
spans ϕκ ∈ [−π, π), so that the reference rigid fin sits at the origin. Black dots are the individual simulations. Each contour plot
is clipped to the range [−1, 1] to improve clarity

Fig. 7 Results as a function of the non-dimensional time f t during one downstroke for the rigid fin (black dashed), the max-CT
mode II fin (red), and the κ-pitch fin with the same parameters as the max-CT fin (dashed red). a shape of the fin, b curvature
κ(t), c force magnitude coefficient CF (t), d relative thrust component CT (t)/CF (t), e total thrust coefficient CT (t) and f the
total power coefficient CP (t)

perspective, any mode II curvature variation can be interpreted as a mode I curvature variation on top of the
associated κ-pitch rigid fin.

Figure 6 shows the contour plots of the effect ofmode II curvature variations on thrust, power, and efficiency.
Compared to mode I, the region of improved thrust over the reference fin is much narrower, spanning only a
quadrant between, roughly, 0 ≤ φκ ≤ π/2. Within this region, we find a maximum at Aκ = 0.63, with thrust
decreasing as Aκ increases further. The power coefficient plot shows that power changes substantially when the
phase shift is around ϕκ ∼ 0±π , i.e. when curvature variations are in phase with heave. In a substantial region
of the parameter space (in gray) the mean power consumption is over twice that of the reference fin, due to the
very large trailing edge amplitudes associated with the curving fins. The efficiency has a narrow peak around
φκ ∼ 3π/4. The optimum parameter combinations for thrust and efficiency are highlighted with crosses, and
their associated performance values are listed in Table 1. For each of these optimum values, we also simulated
the associated κ-pitch fins. Figure7 shows the time evolution of the forces and power for the rigid fin (black
dashed), the maximum thrust mode II curving fin (red), and the κ-pitch rigid fin associated with the maximum
thrust parameters (red dashed). Figure8 shows the quantities for the maximum efficiency mode II curving
fin (green), and the κ-pitch rigid fins associated with the maximum efficiency parameters (green dashed).
For each of the hydrodynamic performance metrics, we will discuss first the effect of the pitching angle by
comparing the reference fin results (dashed black lines) to the κ-pitch rigid fin results (dashed red/green lines).
Subsequently, we will analyze the effect of curvature variations by comparing the mode II curving fin results
(solid red/green lines) to the κ-pitch fin results (dashed red/green lines).



Effect of curvature variations on the hydrodynamic performance

Fig. 8 Results as a function of the non-dimensional time f t during one downstroke for the rigid fin (black dashed), the max-η
mode II fin (green), and the κ-pitch fin with the same parameters as the max-η fin (dashed green). a Shape of the fin, b curvature
κ(t), c force magnitude coefficient CF (t), d relative thrust component CT (t)/CF (t), e total thrust coefficient CT (t) and f the
total power coefficient CP (t)

4.1 Maximum thrust – effect of pitching kinematics

The κ-pitch fin with the maximum thrust parameters (red dashed lines) achieves about 56% more thrust, at
roughly twice the power expenditure, compared with the reference rigid fin (black dashed lines). For these
parameters, the additional term in the pitching kinematics of the κ-pitch fin, described by Eq. (4), has an
amplitude of about 60% of Aθ , and a phase shift of close to 45 degrees. Consequently, the κ-pitch starts its
downstroke at f t = 1.25 with a higher pitching angle and so is able to generate thrust earlier in the stroke than
the reference rigid fin. The overall force vector has a much larger magnitude and peaks earlier in the stroke,
both of which can be attributed to the larger trailing-edge velocity for the κ-pitch fin compared with the rigid
reference fin at this time [2,58]. The κ-pitch fin also generates a very strong pressure-side leading edge vortex
(P-LEV) early on in the stroke (Fig. 9b). This P-LEV gets shed already around f t = 1.5, half-way during the
downstroke, and this event registers as a local peak in the force and thrust evolution at this time. In the second
half of the downstroke, the κ-pitch fin begins to reverse its pitching angle, reaching a zero-pitch value around
f t = 1.65 compared to f t = 1.75 for the reference rigid fin. This leads to a significantly smallerCT /CF ratio
and CT value in this part of the stroke, as the force vector is angled more upright. Overall, the first half of the
stroke is associated with much larger forces and a wide window of thrust generation. The second half of the
stroke, however, is associated with high power consumption and low efficiency. Consequently, the entire stroke
requires about twice the energy of the rigid fin to sustain, leading to a 20% reduction in efficiency compared
with the rigid fin.

4.2 Maximum thrust – effect of curvature

Compared to the κ-pitch fin (Fig. 7, dashed red lines), the curvature variations of the max-CT mode II motion
(Fig. 7, solid red lines) lead to about 14%more thrust with about 17% higher mean power consumption, so that
the efficiency drops slightly to 0.19. Specifically, the curving fin gains thrust over the rigid κ-pitch fin in two
ways: first because the curvature reduces the strength of the P-LEV, and second through a favorable camber in
the second half of the stroke that provides an increase in the overall force vector as well as the CT /CF ratio.

The flow fields of the maximum thrust cases (Fig. 9b,c) illustrate the differences in the P-LEV dynamics.
The curvature of the mode II curving fin during the first half of the downstroke leads to a smaller effective
inflow angle, reducing the strength of the separated vortex compared to the κ-pitch fin. Around f t = 1.5 the
strong P-LEV on the κ-pitch fin has traveled towards the trailing edge and induces a small plateau in the the
thrust (see Fig 7e) compared to the curved fin. After the vortex is shed, the thrust coefficient increases again
before decreasing as the stroke reverses. For the mode II curving fin the curvature shifts the plateau to a slightly
later time, whenCT /CF is smaller, and the reduction in the strength of the P-LEV further diminishes its effect.
Consequently, the mode II curving fin is able to somewhat reverse the performance decrease associated with
the p-LEV of the κ-pitch fin, which leads to the observed higher thrust coefficient of the curving fin.
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Fig. 9 Vorticity field at five instances during the downstroke for the reference rigid fin (a), the max-CT rigid κ-pitch fin (b), the
max-CT mode II curving fin (c), the max-η rigid κ-pitch fin (d), and the max-η mode II curving fin (e)

4.3 Maximum efficiency – effect of pitching kinematics

Both the curving and the κ-pitch mode II high efficiency fins use a drastically different mechanism compared
with all other fins. The phase shift of the curvature variations ϕκ is 8π/10, which means that the pitching
term due to curvature has a phase difference with respect to the reference pitching term of about π/4. Further,
the amplitude is about half of Aθ . The maximum velocity of the fin trailing edge is about 50% smaller than
that of the reference fin, and consequently the mean thrust coefficient is about three times smaller. In fact, the
maximum trailing edge excursion and velocities are very similar to those of the leading edge.With this motion,
the power coefficient drops disproportionally larger than the thrust coefficient, leading to a gain in efficiency
over the reference rigid fin by about 16%. Given that the reference rigid fin and the high-efficiency κ-pitch
fin operate in very different regimes, diving further into a direct comparison is not deemed insightful. Instead,
we focus in the next subsection on the difference between the max-η κ-pitch fin and the associated mode II
curving fin to investigate the effect of curvature in this state of the system.

4.4 Maximum efficiency – effect of curvature

Within the low-thrust regime of the mode II κ-pitch fin (Fig. 8, dashed green), the curvature variations of the
curving mode II fin (solid green) have a significant effect. With dynamically changing curvature, the thrust
coefficient increases by almost 70% while the power coefficient increases by 35%, leading to a net efficiency
gain of 35%. The force curves indicate that the most significant increase in thrust is attained in the middle part
of the downstroke, for 1.375 ≤ f t ≤ 1.625. This can be attributed to the favorable camber in this part of the
stroke which causes earlier thrust generation in the stroke, and also increases the total force coefficient, both
benefiting the overall mean thrust generation. Despite the earlier onset of thrust generation, the curving fin is
able to generate positive thrust until the end of the stroke, similar to the κ-pitch fin. These positive effect of
curvature are very similar to those observed for the mode I maximum curvature fins, despite the very different
pitching kinematics of these two cases.

Around f t = 1.5 the κ-pitch fin sheds the P-LEV, which increases the overall force and thrust coefficient
during that time. However, the overall values still remain below that of the curving fin. Towards the end
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Fig. 10 a Thrust coefficient as a function of Aκ for ϕκ = 0, showing 2D (red, circles) and 3D (blue, squares) results for mode II
curving (solid) and κ-pitch (dashed) fin. bVorticity field at f t = 1.4 of 2D simulations (middle) and 3D simulations (right) for the
κ-pitch fin (top) and the mode II curving fin (bottom) with Aκ = 0.8, ϕκ = 0. The 3D simulation results contain the center-plane
vorticity field as well as a volume rendering of the 3D vorticity field - the yellow circle in the latter (top-right) highlights the LEV

of the stroke, a new LEV is generated on the suction side of the κ-pitch fin, which leads to larger overall
force coefficient during the reversal of the heave motion than for the curving fin. This force has a negligible
component in the flow direction, though, and thus does not contribute to thrust.

5 Comparison with 3D results

In a previous study [46], we simulated a 3D trapezoidal fin with an average aspect ratio close to one, under the
exact same flow conditions and heaving/pitching kinematics as used here. We tested in that work only mode II
variations with ϕκ = 0 ± π , and varied Aκ within the same range observed here.

Analyzing the subset of 2D data within this parameter range demonstrates a qualitative difference with the
3D results (Fig 10, a). In 3D, we found that the κ-pitch fin significantly outperforms both the reference and the
mode II curving fin on thrust coefficient at large values of Aκ . In fact, the largest thrust coefficient overall was
found to correspond to the 3D κ-pitch fin at Aκ = 1.0, corresponding to CT = 0.33, whereas the 3D curving
fin peaked at Aκ = 0.28 withCT = 0.19. In contrast, our 2D results at fixed ϕκ = 0 show that both the κ-pitch
and the curving fin share a peak thrust coefficient at Aκ ≈ 0.4−0.5, with value of CT ≈ 0.32−0.33. A direct
comparison of the numerical values of thrust coefficient between 2D and 3D is not insightful, so instead we
focus on discussing the qualitative differences in these trends.

The explanation for this discrepancy can be related to the difference in LEV dynamics between the 2D
and 3D cases. Figure 10b compares the vorticity field of the 2D simulations (left) with that in the center-plane
of the 3D simulations (middle) and the 3D vorticity field (right). The snapshots are taken at f t = 1.4 for the
case Aκ = 0.8, ϕκ = 0. The top and bottom rows correspond to the κ-pitch fins and mode II curving fins,
respectively. For the κ-pitch fin, the 3D P-LEV (circled in yellow) is strongly suppressed compared to 2D. For
the mode II curving fin, the P-LEV is completely absent in 3D. This points to a drastic effect of finite aspect
ratio on the LEV development, consistent with results on linearly accelerating 3D wings [59], where for small
aspect ratios the induced velocity of the tip vortices keeps the leading edge vortex sheet from separating. Since
in our context the P-LEV reduces the overall performance of the fin, the 3D fin has the ability to increase the
curvature (and hence the effective pitch angle) far beyond the angles where leading edge separation occurs
in 2D. At these large angles, the difference between the κ-pitch fin and mode II curving fin performance can
be related to differences in drag and effective heave-pitch kinematics, as discussed in [46]. In contrast, in
2D the presence of the P-LEV for both the κ-pitch and the curving fin dominates and aligns their respective
hydrodynamic performances.

6 Conclusion

We performed a systematic investigation on the effect of centerline curvature variations on the hydrodynamic
performance of flapping foil propulsion.

For mode I variations the chord line kinematics of the curving fin remain identical to the reference rigid
fin. The results show that mode I curvature variations, when applied with a phase shift of around π/2 (roughly
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in-phase with pitch) and curvature amplitude of 0.85, can improve mean thrust generation by about 70%
over a rigid fin. The thrust increase is related to an overall increase of the hydrodynamic force vector due to
the fin’s favorable camber during the up- and downstrokes. Though the average hydrodynamic power of the
curving fin increases as well, it does so at a smaller rate leading to an overall efficiency improvement of about
16%. When the mode I curvature variations are applied with a phase-shift of around 9π/10 (roughly in-phase
with heave) and curvature amplitude of 0.7, the efficiency of the curving fin can improve by about 32% over
a reference rigid fin. This gain is achieved because the fin generates about 35% higher thrust for the same
average power coefficient as the rigid fin. The higher thrust is predominantly achieved during the first half
of each up- or downstroke, where the favorable camber angles the force vector more forward compared to a
rigid fin. The associated increase in power expenditure is offset by lower power losses during the heave-motion
reversal, aided by the force vector orientation during these phases. For both the maximum thrust and maximum
efficiency cases, a pressure-side leading edge vortex (P-LEV) is present during the first half of the up- and
downstrokes, though it does not prevent these fins from outperforming the rigid reference fin.

Formode II curvature variations, consistentwith [46], the high thrust performance ismostly due to beneficial
heaving-pitching kinematics and can in large part be reproduced by a rigid fin with the same chord line motion.
There is a small but favorable effect of camber variations on top of these chord line motions, which are largely
related to a reduction in the pressure-side leading edge flow separation. Compared to the mode I results, the
best mode II fins achieve slightly larger thrust coefficients but at significantly lower values of efficiency. In
contrast, the largest efficiency results in the mode II curving motions are obtained for significantly lower thrust
coefficients compared to the rigid fin. In these cases, the effective pitch angles are much smaller than for
the rigid reference fin. Still, the results show that camber variations can significantly improve performance
compared to a rigid fin with identical chord line kinematics. The maximum efficiency with mode II curvature
has a value of 39%, outperforming all other fins. Compared to the rigid κ-pitch fin with identical chord
line kinematics, the efficient curving fin is able to achieve 67% larger thrust by applying favorable camber
during the up- and downstroke. Overall, our results show the impact on hydrodynamic performance of fin
curvature variations across a range of phase shifts and amplitudes. The results demonstrate that curving fins
are consistently able to significantly outperform rigid finswith the same chord line kinematics on both thrust and
hydrodynamic efficiency. We expect our results to provide a basis for comparing fluid–structure interaction
(FSI) results, where the kinematics of any passively or actively deforming fin may be projected onto the
curvature parameters defined here. Further, we believe our optimally curving fins can serve as a design target
or constraint for optimization studies, reducing the complexity of FSI inverse problems.

In future work, we will focus on more complex spatial curvature profiles in light of reported benefits of
non-uniform stiffness distributions. Given our results, we hypothesize that spatially non-uniform curvature
variations could provide a pathway to suppressing the unfavorable leading edge flow separation and associated
P-LEV, and thus further improve the performance of curving fins compared to the reference rigid fin.
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Appendix A: Effect of curvature on trailing edge location

Consider the centerline of the fin as an inextensible planar curve with normalized arclength parametrization
r(s) with 0 ≤ s ≤ 1. To remove the effect of externally imposed heave and pitch, we set the leading edge
position r(0) = 0 and leading edge tangent vector r ′(0) = êx , with êx the unit vector in the x-direction; we
define êy similarly as the unit vector in the y-direction. Under the assumption that the curvature is a constant
value κ , the position vector of such a curve is

r(s) = sin(κs)

κ
êx + 1 − cos(κs)

κ
êy .

As κ → 0, this reduces simply to r(s) = s êx .
The pitching angle is obtained from the expression

tan θκ = r(1) · êy
r(1) · êx = 1 − cos κ

sin κ
,

which gives

θκ = 1

2
κ.

Further, the length of the chord line (the straight line connecting the leading and trailing edge) is obtained
from

√
r(1) · r(1) = 1

|κ|
√
2 − 2 cos(κ) = sin(κ/2)

κ/2
= sin(θκ)

θκ

In case of a time-varying κ , the expressions above remain applicable at any instance in time.
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